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Multiple Linear Regression and Estimation

EY[X) = BO + Ble + et Bpo

xl" 1 X11 xm

an(p+1) = E T

Xn
B=XX)"X'Y
Ek +t(1—a/2; n—p-l)*SE(Ek)

Y = XB=X(X'X)"'X'Y = HY

H = X(XLX)*X' B
e=Y-Y=Y-XB=(U-H)Y
Var(e|X) = o*(I — H) if Var(g|X) = oI

1 !
s? = mZ(J’i — x{B)*
i=

1 xp1 Xnp

I Iyl
R'=1-Rss/syy=X1 £ XY
Y—nY
R;_l_RSSI{rI—p—l]_{n—l]Rz—p
o SYYi(n-1) ~ n-p-1
JO0:0l=0R=08=--=01=0
v.s. Ml:notal'™™ ~ = ° ...,
Fi= * MSReg ﬁk
MSE SE(,Gk)

rejection rule of [[] >= t(1 — alpha/2; [[J - (] — 1)
5SS, =RSS=Y'Y-g'x'y
SS,,=Y'Y-nY*
_plyl 2
S, =B'X'Y—nY
n

RSS = ) (i =907 = e'e = (Y= XB) (Y - Xp)
L_=Y’Y—5”X’Y =Y'(I-H)Y


https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104229251.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104239088.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104245811.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104252727.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104260540.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104271056.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104276418.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104282605.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104287023.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104297248.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104323618.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104327905.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104332246.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104336362.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104345652.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104350789.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104355280.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104359234.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104363437.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666290673808.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666290691336.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104389032.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104395117.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104407108.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104410593.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104415116.png
https://bookstack.mitchellhenschel.com/uploads/images/gallery/2022-10/image-1666104423017.png

Model Fitting: Inference
Hy: By = B, :'“:ﬁp =0

df,=n-p,anddf,=n-q
F = (RSSw—RSSq)/(dfw—dfq) — SSReQ/deeg
RSSa/dfq o2

Reject the null hypothesis if F > Fap-q,n-p
t; = Bi/se(p;)
RSSan =X(y —XB)' (y —XB) =e'e
RSSyu =2y —¥)'(y —y) =SYY
(SYY—RSS)/((n—-1)—(n-p-1)) (SYY—RSS)/p
F —_— —_—
RSS/(n—p-1) RSS/(n—p-1)

F~Fpn—p-1

Regression Diagnostics
Assumptions:
e Error: ~ N(O, SD2l);
o Independent
o Equal Variance
o Normally Distributed
* Model: E[y] = XB is correct
* Unusual observations

Leverage Points: data point with unusual x-value
v hij = x(X'X)"x = xj (X' X) 7 x; = hy;
v Y1 hii = p' = number of parameters
v Yi=1 hij = Xj=1 hij = 1if anintercept is included
Y Vi = Xj=1 hijy; = hiyi + X hijy
The Hat Matrix - n*n matrix

hii is the leverage of the it" case
leverage > 2p’/n should be looked at closely

Outliers: Unusual observation on x or y axis
N 1/2
é; n—p —1
ti=_~—=ri(+2) ~t(n—p’—l)
G-(i) 1_hii n—p —n
Calculate the t-test and compare abs with limit:
abs(qt(.05/(n*2), df = n - pprime - 1, lower.tail = T))

Dummy Variables and Analysis of Covariance
Consider a Xi2 for which is 0 for - and 1 for +:

Yi = Bo + B1Xi1 + B2 XiztE
An interaction between Xil and Xi2:
Yi = Bo + B1Xix + BoXip+B3Xig Xin+e

A model with multiple categorical variables:

M1 1

e 1 0 0
M2 1 X, 0 1 0
M3 1 Xi 0 0 1
M4 1 X 0 0 0

Model 4: E[Y] = B, + B1X;

Moadel 1: E[Y] = o + f1X1 + f5>
Model 2: E[Y] = By + B1X1 + B3
Model 3: E[Y] = By + B1X1 + Ba

Influential Points: causes changes to regression
Difference in Fits:

with a threshold of

p'+1
n-p'-1’

2 %

Where p’ is the number of parameters
Cook's Distance:

By — B)' X' X)(Biy — B)
p'6?
oY) Ton-Y) _ 1 2 hy / '
= = Ce~ F(pn =)

with a threshold of
Di > 4/n should be looked at
Di > .5 possible influence
Di >= 1 very influential
Error: a plot of e_hat should

* have constant variance

* have no clear pattern

* HO: residuals are normal
Shapiro-Wilk normality test
HO: Residuals are normally distributed
Bonferroni Correction: Divide alpha by n

D£=
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Variable Selection Selection Criteria:

Backwards Elimination: Akaike Information Criterion (AIC):

1. Start model with all the predictors * -2 max log-likelihood + 2p'
2. Remove the predictor with highest p-value « n*log(RSS/n) + 2p'

greater than alpha
3. Refit the model

Bayes Information Criterion (BIC):
* -2 max log-likelihood + p' log(n)

4. Remove the remaining least significant « n*log(RSS/n) + log(n) * p'
predictor provided its p-value is greater than Adjusted R2:
alpha )
5. Repeat 3 and 4 until all "non-significant" R?=1- RESSS/SSY
predictors are removed RZ=1-2P1oq_ ( )(1 —RY)) = _ Gitodet
@ Py n-p-1 &fruu
Cutoff p significance can be 15-20% for testing Mallaedn £~ Chobiobio. Acon MOE of dicti
Fcl)erard Slelelcltion: | RSS F of prediction
1. Start model with no predictors p = |f a p-predictor fits then:
2. For predictors not in the model, check the p-
value if they are added to the model. We — — 2 ~
choose the one with lowest p-value less than E[RSSP] (?’1 p)O’ and E(Cp) p
alpha We desire models with small p and Cp around or less than
3. Continue until no new predictors can be added p
Stepwise regression: A combination of the two
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Source of Sum of Square | DF Mean of Square
Variation

Regression SSreg MSReg=
(model) SSreg/p
Error RSS n- (p+1) MSE=

ANOVA For Simple Linear Regression
TABLE 2.3 The Analysis of Variance Table for Simple Regression

TABLE 2.1 Definitions of Symbols?

Source o s VS v value Quantity Delfinition Description
Regression 1 SSreg SSreg/1 MSreg /52 X Sxi/n Sample average of x
Residual n—2 RSS 52 = RSS/(n—2) ¥ Svi/n Sample average of y
] SXX 3 —3)? = PRETEE FY Sum of squares for the x’s
Total n—1 SYY ) - . .
SDy SXX/(n—1) Sample variance of the x’s
i SDh, VSXX/(n—1) Sample standard deviation of the x’s
Global Null Hypothesis SYY T T 5 £ ares for the v°
Hy: Model fit not significant (55,,, = 0); or E(Y) = B - ;(.‘F =V =20 - .um Q Squ‘ﬂrus or the y .5
H,:Model fit significant (S5, > 0); SDy. SYY/(n — 1) Sample variance of the y's
which is equivalent to HyBy-0 SDy VSYY/(n —1) Sample standard deviation of the ¥'s
eh 15 equiv H:_B: ; 0 SXY S =Ty =V =3y —X)y; Sum of cross-products
Syy SXY/(n—1) Sample covariance
z ey Syy/(SDySDy) Sample correlation
SSreg _ ( B )
a? se(B1) “In each equation, the symbol 3~ means to add over all the n values or pairs of values in the data.
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